This paper develops a reduced form two-factor model for commodity spot prices and futures valuation. This model extends the Gibson and Schwartz (1990)-Schwartz (1997) two-factor model by adding two new features. First the Ornstein-Uhlenbeck process for the convenience yield is replaced by a Cox-Ingersoll-Ross (CIR) process. This ensures that our model is arbitrage-free. Second, spot price volatility is proportional to the square root of the convenience yield level. We empirically test both models using weekly
Introduction
In this paper, we introduce a new reduced form model for commodity spot prices and futures valuation which builds on and extends the reduced form models in the literature.
The earliest reduced form model for commodity prices appears to be due to Brennan and Schwartz (1985) . In this model the spot commodity price follows a geometric Brownian motion and the convenience yield is treated as a dividend yield. This specification is inappropriate since it does not take into account the mean reversion property of spot commodity prices and neglects the inventory-dependence property of the convenience yield. Gibson and Schwartz (1990) introduce a two-factor, constant volatility model where the spot price and the convenience yield follow a joint stochastic process with constant correlation. Specifically, the spot price follows a geometric Brownian motion and the convenience yield follows a mean reverting stochastic process of the OrnsteinUhlenbeck (O-U) type. The convenience yield is brought into the spot price process as a dividend yield. Schwartz (1997) further explores this model empirically by adopting a more sophisticated calibration method and tests it with several commodities. Schwartz (1997) three-factor model, Miltersen and Schwartz (1998) and Hilliard and Reis (1998) add a third stochastic factor to the model to account for stochastic interest rates. Nevertheless, the inclusion of stochastic interest rates in the commodity price models does not have a significant impact in the pricing of commodity options and futures in practice.
Accordingly, interest rate can be assumed deterministic.
The reduced form class of models dominates the current literature and practice on energy derivatives. These models are particularly attractive from practitioner's perspective since they provide closed form solutions to evaluate futures and some other derivatives contracts. This in turn allows for a relatively easy calibration and computational implementation of these models.
Although these multi-factor models generate a rich set of dynamics for the commodity term structure and represent prevailing tools for derivatives pricing, they also present a number of problems. First, these models do not guarantee that the convenience yield is always positive, possibly allowing for arbitrage opportunities. More specifically, arbitragefree arguments require that the discounted futures prices net of carrying costs cannot be greater than the contemporaneous spot prices. By not ruling out negative values for the convenience yield, this arbitrage argument may be violated. Secondly, these models present other mis-specification problems due to the fact that both the spot price and the convenience yield have constant volatility and correlation. Accordingly, they do not allow the variance of the spot and futures, and the correlation between them, to depend on the level of the price or convenience yield, as suggested by the theory of storage.
The commodity spot price volatilities are strongly heteroskedastic (see Duffie and Gray (1995) ) and closely reflect the supply, demand and inventory conditions in the market.
In particular, price volatilities are increasing with the degree of backwardation (see Ng and Pirrong (1994) ) and Litzenberger and Rabinowitz (1995) ). These mis-specifications may generate severe option mispricings, as pointed out by Pirrong (1998) , Clewlow and Strickland (2000) and Routledge et al. (2000) .
The reduced form model presented in this paper extends the two-factor model of Gibson and Schwartz (1990) -Schwartz (1997) . More specifically, we develop a two-factor model where spot prices and instantaneous convenience yield follow a joint stochastic process with constant correlation. Our model introduces two significant additions to Gibson and Schwartz model: it rules out arbitrage possibilities and it considers time varying spot and convenience yield volatilities. Namely, the spot price follows a Geometric Brownian Motion (GBM) where the convenience yield is treated as an exogenous dividend yield and the volatility is proportional to the square root of the instantaneous convenience yield level. The instantaneous convenience yield follows a Cox-Ingersoll-Ross (CIR) which precludes negative values and makes the volatility proportional to the square root of the instantaneous convenience yield level. This ensures that our model does not allow cashand-carry arbitrage possibilities.
We obtain a closed-form solution for the prices of futures prices of the exponential affine form
1
. We solve the partial differential equation (PDE) for futures prices by sup-1 Since we assume that the interest rate is constant, the futures and forward prices are the same.
posing that the solution has a general exponential affine form. By replacing this general affine form into the initial PDE we obtain a system of two ordinary differential equations (ODEs) with boundary conditions consistent with the futures price expiry condition. We find that each of these ODEs has a unique closed form solution. These in turn provide the solution to the PDE satisfied by the futures prices 2 . This affine relationship is tractable and offers empirical advantages. In particular, the linear relationship between the logarithm of the futures price and the underlying state variables allows the use of the Kalman filter in the estimation of the parameters of the model. Spot prices data are not easily obtained in most of the commodity markets and therefore futures prices with closest maturity are used as a proxy for the commodity price level. Additionally, the instantaneous convenience yield is not observable and must be derived from the relationship between the spot and futures prices with closest maturity. On the other hand, futures prices are widely observed and traded in diverse markets. The non-observability of the state variables remains one of the main difficulties in modelling commodity spot prices and contracts. Due to the non-observability of the state variables, the linearity of the logarithm of the futures prices in the state variables and the Markovian property of these, the Kalman filter seems to be the most appropriate technique to estimate the model parameters. This method is also applied by Schwartz (1997) . The basic principle of Kalman filter is the use of temporal series of observable variables to reconstitute the value of the non-observable variables. Accordingly, by observing futures prices, we can estimate the parameter values for the spot price and convenience yield.
We apply the Kalman filter method to estimate the parameters of our model using . Additionally, we also apply the Kalman filter to the Gibson and Schwartz (1990) - Schwartz (1997) two factor model using the same data set for estimation purposes and to compare the results. We also compare the futures volatility structure implied by the data and by both our model and Schwartz model.
Very recently and through independent work, Nielsen and Schwartz (2004) present a 2 A similar solution method has been applied in the interest rate models literature such as Hull and White (1990) , Brown and Schaefer (1994) and Kan (1993, 1996) . two-factor model which also assumes stochastic volatility of the Cox-Ingersoll-Ross type.
Additionally, they also compare their model to the Gibson and Schwartz (1990) -Schwartz (1997) two-factor model and conclude that the latter prices futures contracts almost as well. However, both the present model and the Nielsen and Schwartz (2004) model are special cases of the more general theory of affine term structures for forward and futures described by Bjork and Landen (2002) . There are three important differences between our work and that of Nielsen and Schwartz (2004) . First, Nielsen and Schwartz consider a general volatility function of the CIR type while in the present model the convenience yield follows a familiar square root process exactly as used in Cox et al. (1985) . Although the Nielsen and Schwartz model appears to be more general, it does not preclude negative values for the convenience yield. In fact, our model closely resembles the Heston (1993) stochastic volatility model for standard asset prices and therefore can be interpreted as the storable commodity version of this model 3 . The second difference lies in the nature of the data used to test the models empirically, which follows Gibson and Schwartz (1990) - Schwartz (1997) . Nielsen and Schwartz (2004) use copper futures data to calibrate their model while we use light crude oil futures data. Finally, we establish and empirical comparison between the futures volatility structure implied by the data and by both our model and Gibson and Schwartz (1990) -Schwartz (1997) two factor model. This empirical comparison is not considered by Nielsen and Schwartz (2004) .
The remaining paper is organized as follows. Section 2 develops the two-factor model and derives the corresponding partial differential equation for futures valuation. Section 3 describes the empirical work, including the state-space formulation of the model, the data used and the empirical results. Section 4 concludes.
Valuation Model
In this section we present the commodity price model and derive the corresponding formulas for pricing futures contracts. This model has two stochastic factors. The first factor is the spot price, which follows as a GBM with a time-varying volatility, which is proportional to the square root of the instantaneous convenience yield level. The second factor is the convenience yield, which follows a CIR stochastic process as described by Cox et al. (1985) . This process precludes negative convenience yields and implies that the absolute variance of the convenience yield increases when the convenience yield itself increases. We assume that both stochastic processes have constant correlation. The direct proportionality of the spot price and the convenience yield volatilities to the square root of the instantaneous convenience yield reflect the effect of supply, demand and inventory market conditions on the spot price and the convenience yield volatilities. As Duffie and Gray (1995) point out, the commodity spot price volatilities are strongly heteroskedastic and closely reflect the supply, demand and inventory conditions in the market. In particular, price volatilities are increasing with the degree of backwardation (see Ng and Pirrong (1994) and Litzenberger and Rabinowitz (1995) ). That is, the stronger the backwardation is the higher the convenience yield is. High convenience yield levels signal low inventory and the possibility of a stockout. Therefore, the spot price volatility is positively related with the value of the convenience yield. Similarly, when the market is in contango, the spot prices volatility should be low. The market conditions and the commodity spot prices also affect similarly the volatility of the convenience yield itself .
The model we present is very tractable since it allows a closed form solution to futures prices. Specifically, we obtain a linear relation between the logarithm of futures prices and the underlying factors. This property is crucial to the empirical work that follows.
We assume that the spot price and the instantaneous convenience yield follow the joint stochastic process:
where:
• µ(·) is the total expected return on the spot commodity price;
• σ 1 represents the constant of proportionality between the total spot price volatility and the square root of the instantaneous convenience yield;
• σ 2 represents the constant of proportionality between the total instantaneous convenience yield volatility and the square root of the instantaneous convenience yield;
• α is the instantaneous convenience yield's speed of mean reversion;
• m is the convenience yield long-run mean, that is, the level to which δ reverts as t goes to infinity;
• B 1 and B 2 are standard Wiener processes and are correlated with dB 1 dB 2 = ρdt, ρ being constant.
The probability density of the convenience yield at time t conditional on its value at current time t is a non-central chi-square (see Cox et al. (1985) ). The conditional moments of δ at time t under the objective measure are given by:
).
By defining x = ln p and applying Ito's Lemma, the process for the log price is given by:
Under the risk neutral measure, the stochastic processes that drive the the state variables becomes:
• r is the risk-free (constant) interest rate;
• c is the (constant) marginal cost of storage, which is a proportion of the spot price;
• λ is the (constant) market price of risk for the convenience yield;
• σ 1 , σ 2 , α and m are as before;
• B * 1 and B * 2 are standard Wiener processes under the risk-neutral measure and are correlated with dB * 1 dB * 2 = ρdt, ρ as before.
The expected growth of the commodity price in a risk-neutral world is µ − λ p σ 1 , where λ p is the market price of risk of commodity price. Since the commodity behaves like a traded security that provides a dividend rate equal to δ, the expected growth rate of the commodity price under the risk-neutral measure is also given by r + c − δ. Therefore
Accordingly, the drift of the spot price process, µ(·) in the real measure is replaced by (r + c − δ) under the risk neutral measure. Equation (6) is an extension of a standard process for the commodity process allowing for a stochastic convenience yield and a time varying volatility. This volatility is proportional to the square root of the time-varying stochastic convenience yield. On the other hand, since the convenience yield is non-traded, the convenience yield risk cannot be hedged and will have a market price of risk, λ δ associated with it. Therefore, the drift of the convenience yield under the risk neutral measure becomes [α(m−δ)−λ δ ]. Although λ δ is a function of α(m−δ) and σ 2 √ δ, we assume that the convenience yield market price of risk is constant.
This assumption is standard and is also followed by Schwartz (1997) . The process for the log price then becomes:
By assuming that the instantaneous convenience yield follows a CIR process we ensure that our model is arbitrage-free because it precludes negative values. This assumption ensures that the discounted futures prices net of carrying costs cannot be greater than the discounted contemporaneous spot prices, which is derived by arbitrage-free arguments.
Considering that τ = T − t represents time to maturity the arbitrage-free condition can be written as:
where
• F (τ ) is the forward price at time t, for delivery of a commodity at time T > t;
• p t is the spot price of the commodity at time t;
• c is the (constant) proportion of the spot price which defines the marginal cost of storage;
• r is risk-free (constant) interest rate.
If the instantaneous convenience yield is always non-negative the arbitrage-free condition in equation (9) is satisfied
The futures prices must satisfy the partial differential equation (PDE):
subject to the boundary condition F (p, δ, 0) = p. This PDE suggests an exponential affine form solution:
with
Equivalently, the logarithm of the futures prices is given by:
The futures prices as given by equation (12) satisfy the PDE (10) and the boundary condition when
and
with initial conditions
It follows that if (15) and (16) are solved subject to the boundary conditions in (17), equation (12) provides the price of a futures contract maturing at time T . In appendix we provide the derivation of the solution to the ODEs above, which is given by:
with:
The solution to equation (10) with initial boundary condition F (p, δ, 0) = p is given by (12) with A(τ ) and B(τ ) given by (18) and (19).
Empirical Estimation of the Joint Stochastic Process
In this section we estimate and empirically test both our model and the Gibson and Schwartz (1990) -Schwartz (1997) (2000) and Manoliu and Tompaidis (2002) ). Affine models are particularly suited for estimating using Kalman filter because of their linear structure.
In the context of interest rate models Gaussian examples can be found in Babbs and Nowman (1999) and Lund (1997) , who estimate a two-factor generalized Vasicek model.
In the CIR case, there are examples due to Ball and Tourous (1996) , Duan and Simonato (1999) and Lund (1997) . The Gibson and Schwartz (1990) -Schwartz (1997) two-factor model belongs to the Gaussian class while our model fits in the CIR class.
The state form is applied to a multivariate time series of observable variables, which in our case are a futures prices time series at several different maturities. These observed variables are related to the state vector which consist of the state variables, which in our model are the spot price and the instantaneous convenience yield via the measurement equation. The measurement equation is then given by equation (14) by adding serially and cross sectionally uncorrelated disturbances with mean zero and variance to take into account for the irregularities of the observations. In the Kalman filter, the nonobservable state variables are generated by first-order Markov processes which correspond to the discrete time form of equations (1) When the state-space model is non-Gaussian, the Kalman filter can still be applied and the resulting filter is quasi optimal. This filter is then used to obtain a quasilikelihood function and the estimates obtained is linearly optimal. This approximation is needed because of the non-Gaussian nature of the problem, which can be compared to linearizing a non-linear function in the typical Kalman filtering applications. Duan and Simonato (1999) and Geyer and Pichler (1998) apply Kalman filter to estimate and test exponential-affine term structure models for both the Gaussian and non-Gaussian cases.
For a detailed discussion see Duan and Simonato (1999) and Harvey (1989) .
It is also important to mention that the CIR process also differs from standard Kalman filter application because of the non-negative constraint on the convenience yield. Following Duan and Simonato (1999) and Geyer and Pichler (1998) we modify the standard Kalman filter by simply replacing any negative element of the convenience yield estimate with zero.
State Space Formulation
From the valuation formula given by equations (14), (18) and (19), the measurement equation can be written as:
, for i = 1, ..., n is a n × 1 vector of observations where F (τ i ) is the observed futures price at time t for maturity τ i . At each time t we observe n futures prices which correspond to n different maturities;
n is a n × 1 where A(·) is given by equation (19).
•
n is a n × 2 matrix where B(·) is calculated according to equation (18);
• ε t is a n × 1 is n × 1vector of serially uncorrelated disturbances with
This vector is introduced to account for possible errors in the data.
The covariance matrix H t is taken to be diagonal for computational simplicity;
The transition equation is given by:
• R t is a 2 × 2 identity matrix;
• η t is a 2×1 vector of serially uncorrelated disturbances with E[η t ] = 0 and V ar[η t ] =
V t .
The covariance matrix of η t is given by:
where: 
Since both F t and v t depend upon θ, θ t is chosen to maximize the quasi-likelihood func-
. This estimation procedure is recursive and it is calculated at each time t as part of the Kalman filter.
To calibrate the Gibson and Schwartz (1990) -Schwartz (1997) two-factor model we use the state-space formulation as described in the later article.
Empirical Results
The data set used in this study consists of weekly observations of New York Mercantile
Exchange ( . At each observation we consider 7 contracts (n = 7) corresponding to 7 different maturities. Naturally, the time to maturity changes as we evolve in time and to force the time to maturity to stay within a narrow range we roll over the contracts during the period of observations. Table 1 describes the data used. We denote by F0 the contract closest maturity, F1 the second contract closest to maturity and so on. We assume that the interest rate, r, is equal to 0.04 and the marginal storage cost of storage is equal to 0.20. war. These events lead to increasingly uncertainty in the world markets in general and in particular in the oil supply. This uncertainty naturally rises the value of having crude oil in storage, which implies a high convenience and a market in strong backwardation.
As mentioned before, we assume a diagonal covariance structure for the measurement errors. These are denoted by v 0 , v 1 , v 2 , v 4 , v 4 and v 5 and v 6 and correspond to each of the futures contracts used, namely F 0, F 1, F 2, F 3, F 4, F 5 and F 6 respectively. These values are also displayed in Table II . The magnitude of this errors is the same for both our model and Gibson and Schwartz (1990) -Schwartz (1997) two-factor model. Schwartz ( and Schwartz (2004) . These authors also find that both Gibson and Schwartz (1990) -Schwartz (1997) two factor model and the CIR stochastic volatility model perform almost as well. In the present paper, we also note that the performance of both models decreases as maturity of the futures contract increases. This highlights the fact that both models become less efficient as we increase the maturity of the futures contracts. Figures 3 and 4 illustrate examples of the evolution of the forward curve of the market prices and both models. Table 4 and Figure 5 display the volatilities implied by the market, by the present model and by the Gibson and Schwartz (1990) -Schwartz (1997) two-factor model. For short maturities both models underestimate the market volatilities and for longer maturities, these models increasingly overestimate them. This indicates that neither model is able to fit accurately the market volatility term structure. This certainly has implications in the valuation of financial or real asset contingent on a commodity price. 
Conclusion
In this paper we presented a two-factor model for commodity prices and the corresponding futures valuation. This model extends Gibson and Schwartz (1990) -Schwartz (1997) two factor model by adding two important features. First, the O-U process for the convenience yield is replaced by a CIR process. This allows us to maintain the meanreverting property of the convenience yield and to additionally ensure that our model is arbitrage-free. Second, we consider that both the spot price and the convenience yield volatilities are proportional to the square root of the instantaneous convenience yield level. This specification establishes a dependency between the commodity price volatility and the inventory levels. As explained before, this property is predicted by the theory of storage and by the structural models in the literature.
We derived the analytical solution for the futures partial differential equation. By guessing a solution of the exponential affine form, we transformed the initial PDE into a system two ODEs with analytical solution. This solution also satisfies the original PDE with the appropriate boundary conditions. This method has been also applied in the interest models literature such as Hull and White (1990) , Brown and Schaefer (1994) and Kan (1993, 1996) .
We implemented empirically both our model and Gibson and Schwartz (1990) -Schwartz (1997) two factor model for purposes of comparison using crude oil futures prices applying the Kalman filter. We found that the parameters estimates are analogous for both models and indicate a strong mean reversion in the convenience yield and strong backwardation. Both the 11th of September event and the recent war crisis might explain such behavior in the oil prices.
Although our model adds valuable characteristics to the existing reduced form models in the literature, it only outperforms Gibson and Schwartz (1990) -Schwartz (1997) model marginally, in terms of both the pricing errors and the value of the log-likelihood function. Both models achieve very good results when valuating short-term maturity data but their efficiency decreases when the futures maturity increases. Neither can they reproduce the empirical volatility structure accurately. Both models underestimate shortterm volatilities and over estimate longer term ones. This certainly has implications on contingent claims pricing for which the volatility is a fundamental element. Therefore, this study suggests that both our model and the Gibson and Schwartz (1990) -Schwartz (1997) models should be extended in order to reproduce accurately the volatility structure of the commodity forward curves. This is particularly relevant to evaluate long-term investments on commodities.
It is important to point out that although the present model only outperforms the Gibson and Schwartz (1990) -Schwartz (1997) model marginally, we believe that the empirical comparison is affected by the peculiarity of the data set used. Specifically, a close analysis of our data revealed that we do not observed contango for a significant period of time in this data set available to us. In fact, one of the advantages of our model in relation to the Gibson and Schwartz (1990) -Schwartz (1997) model is the exclusion of arbitrage possibilities when the forward curve is in contango. Therefore, the empirical analysis of this particular data set did not allow us to illustrate this advantage. Accordingly, one of the directions of further work is to test both models for a different commodity or for different time period. Another direction for future work is the extension of this analysis to price commodity options in order to study the implications of this model in option pricing.
A Derivation of the Solution to the Futures Partial Differential Equation
Because the solution to equation (16) depends on the solution to equation (15) 
The equation
is exact if and only if:
Given that we have a non-exact equation, we need to multiply both sides of the equation by the following integrating factor:
Equation ( 
The solution to this equation is
(42)
Accordingly, the solution to equation (16) is:
where k 1 and k 2 are as before.
